The goal of planning a horizontal well path is to obtain a trajectory that arrives at a given target subject to various constraints. In this paper, the optimal control problem subject to a nonlinear multistage dynamical system (NMDS) for horizontal well paths is investigated. Some properties of the multistage system are proved. In order to derive the optimality conditions, we transform the optimal control problem into one with control constraints and inequality-constrained trajectories by defining some functions. The properties of these functions are then discussed and optimality conditions for optimal control problem are also given. Finally, an improved simplex method is developed and applied to the optimal design for well Ci-16-Cp146 in Oil Field of Liaohe, and the numerical results illustrate the validity of both the model and the algorithm.
Introduction
The goal of planning a horizontal well path is to obtain a trajectory that arrives at a given target from a given starting location, subject to various constraints. In general, the well path is a three-dimensional (3-D) curve, that is, it does not lie on a plane.
Though optimization theory has been used in other areas of the oil industry, it has not been considered for the problem of well planning until recently. Helmy et al. [1] used a sequential unconstrained minimization technique to determine a minimum-length path for a 2-D S-shaped well, subject to build and drop-rate restrictions. Suryanarayana et al. comprehensively considered the factors affecting planning horizontal well and solved the problem by MQA and SGRA in their paper [2] . McCann and Suryanarayana [3] used nonlinear optimization theory to plan 3-D well paths and path corrections. Wu et al. [4] described the use of an optimal control approach with calculus of variations to get a least-length well path. Jiang and Feng [5] proposed a nonlinear multistage optimal control (NMOC) model for designing 3-D trajectory of horizontal well and gave the optimal solution by improved Hook-Jeeeves algorithm. A fuzzy control system of defining the 3-D horizontal well path is formulated in [6] . Based on the multimodality of the proposed system in [5] , Liu and Gong [7] proposed an improved genetic algorithm and obtain more optimal solutions. Li et al. [8] considered the stochastic optimal control for planning horizontal well path. However, the above researchers mainly focus on model formulation and optimization algorithms, and theoretical researches about horizontal well are comparatively few. Once a control model is given, we do not know whether the solution of its system exists, whether its optimal control exists and whether the ''optimal solution" obtained satisfies the optimality conditions or not. In this paper, an optimal control model of the NMDS for planning horizontal well paths is investigated. Firstly, we prove some properties of both NMDS and its solution, such as existence, uniqueness, Lipschitz continuity and Fréchet differentiability of the solution. Then, in order to obtain the optimality condition, the optimal control problem is converted to an equivalent one to overcome infinite dimensional constraints. Furthermore, existence of the optimal control is proved and optimality condition is presented. Finally, an improved simplex method is developed and applied to the optimal design for well Ci-16-Cp146 in Oil Field of Liaohe, and the numerical results illustrate the validity and efficiency of both the model and the algorithm.
The remainder of this paper is organized as follows. In Section 2, we describe the NMDS. In Section 3, some properties of the multistage system are proved. An equivalent optimal control model is given by defining some functions in Section 4. Section 5 is devoted to proving the properties of the defined functions. Section 6 gives the existence of the optimal control and the optimality condition. In Section 7, an optimization algorithm is applied for optimal design of practical horizontal well.
Multistage dynamical system for planning 3-D well paths
Firstly, let us describe the NMDS in brief. We consider a general 3-D well path that arrives at a given target. The well path is described in a cartesian coordinate system with arc length s as a parameter, any point PðsÞ on the curve is then described by its coordinate ð xðsÞ; yðsÞ; zðsÞÞ, inclination aðsÞ and azimuth hðsÞ are as shown in Fig. 1 , where x represents north, y represents east, and z denotes the vertical depth. In addition, the coordinate ð x 0 ; Under the above assumptions, the NMDS for planning horizontal well paths can be given as follows.
X is the control variable of the ith turn section and x i ðs iÀ1 þÞ stands for the right limit at s iÀ1 . x i1 and x i2 denote inclination a i and azimuth h i , respectively. u i1 and u i2 are the curvature and tool-face angel of the ith turn section, respectively, and they are constants in the same section. s iÀ1 is the arc length between the initial points of the ith section and the KOP and s i is that from the terminal point to the KOP,
3n ju i 2 X; i 2 I n g be the control domain. Obviously, U ad is a compact set.
Properties of both NMDS and its solution
To study the properties of the optimal control, it is necessary to guarantee the existence, uniqueness, Lipschitz continuity and Fréchet differentiability of the solution of NMDS. Next, we will prove some properties of both NMDS and its solution. In addition, we denote Euclidean norm by k Á k in this paper. 
Proof.
(a) It is easy to see that f i ðx i ; u i Þ is continuously differentiable with respect to x i and u i in each ðs iÀ1 ; s i Þ; i 2 I n , by the expression (1 
where 0 < h 1 ; h 2 < 1. Let
Since both W and X are compact, it is easy to show that kA i k and kB i k are bounded by the definition of f i ðx i ; u i Þ. Suppose that max i2In fkA i k, kB i kg 6 K, which completes our proof. h Property 3.2. For any s 2 ½s 0 ; s n ; u 2 U ad and x 0 2 W, (i) (Existence and uniqueness of the solution)NMDS (1) has a unique solution, which is denoted by xðs; uÞ.
(ii) (Boundedness of the solution) 
with K in (3).
(i) By Property 3.1 and theory of differential equation [9] , we must conclude that the NMDS has a unique solution for any u 2 U ad . (ii) For any s 2 ½s 0 ; s n , there exists an i 2 I n such that s 2 ðs iÀ1 ; s i . When s 2 ðs iÀ1 ; s i , we also denote xðs; uÞ by x i ðs; uÞ. Now, kxðs; uÞk ¼ kx i ðs; uÞk
By Gronwall's inequality, we can obtain that kx i ðs; uÞk þ 1 6 ðkx iÀ1 ðs iÀ1 ; uÞk þ 1Þe
By recursive operation, it is easy to conclude that
Hence,
(iii) Finally, we prove the Lipschitz continuity with respect to u 2 U ad of the solution of the NMDS by mathematical induction. 
, solution xðs; uÞ of the NMDS is Fréchet differentiable with respect to u 2 U ad .
Proof. It follows directly from theorem 5.6.8 [10] and Property 3.1.
Optimal control problem
Taking the weighted sum of the whole trajectory length and the precision of hitting the target as the cost function, the optimal control problem can be formulated as follows. ðOCP1Þ min JðuÞ s:t: xðs; uÞ 2 W; u 2 U ad ;
where JðuÞ ¼ w 0 s n þ w 1 ðx 1 ðs n ; uÞ À a T Þ 2 þ w 2 ðx 2 ðs n ; uÞ À h T Þ 2 þ w 3 ð xðs n ; uÞ À x T Þ 2 þ w 4 ð yðs n ; uÞ À x T Þ 2 þ w 5 ð zðs n ; uÞ À z T Þ 2 ; ð20Þ w j P 0; j ¼ 0; 1; . . . ; 5, are weight coefficients. ð xðs n ; uÞ; yðs n ; uÞ; zðs n ; uÞÞ is the coordinate of the terminal point of the well path. In fact, it can be deduced that xðs; uÞ 
By the above definitions, we know that xðs; uÞ 2 W is equivalent to h j ðuÞ 6 0. Then (OCP1) can be rewritten as the following equivalent optimal control problem with control constraints and continuous inequality trajectory constraints.
ðOCP2Þ min u2U ad fh 0 ðuÞjh j ðuÞ 6 0; j 2 I 4 g: ð23Þ
Properties of defined functions
The main theme of this section is to explore some properties of defined functions and cost functional to obtain the optimality condition of the optimal control problem. Firstly, we present some necessary lemmas.
Lemma 1 [10] . Consider the function wðxÞ , max where the function f j : R n ! R; j 2 I, is l.L.c. and has directional derivative df j ðx; hÞ for all x; h 2 R n . Then, 
where e j is a unite vector.
Property (35) holds. h
Existence of optimal control and optimality condition
In Section 4, we see that (OCP1) is equivalent to (OCP2), that is, if either of them has the optimal solution, then the other has the same one. Now, we will show that the optimal control of (OCP1) exists. 
Proof. First, we will prove the optimal control of (OCP2) exists. Define C , fu 2 U ad jh j ðuÞ 6 0; j 2 I 4 g ¼ fu 2 U ad j max s2½s 0 ;sn / j ðu; sÞ 6 0; j 2 I 4 g; ð37Þ
where h j ðuÞ and / j ðu; sÞ are defined in (22). Since U ad is a compact set in R 3n and C is a subset of U ad , we obtain that C is bounded. Obviously, C is closed. Hence, C is compact in R 3n . In addition, h 0 ðuÞ is continuous on C, so it follows that the optimal control of (OCP2) exists. This also indicates that the optimal solution of (OCP1) exists. h Let u Ã be the local minimum point of (OCP1). For any u 2 U ad , we define the following function 
Lemma 3. If u Ã is the local minimum point of (OCP1), then u Ã is also that of GðuÞ on U ad , with GðuÞ defined in (38).
Proof. If u Ã is the local minimum point of (OCP1), then it is also that of (OCP2). That is, u Ã 2 C and h j ðu Ã Þ 6 0 for any j 2 I 4 . Since w 2 ðuÞ ¼ max j2I 4 h j ðuÞ, we have w 2 ðu Ã Þ 6 0. By (38), we have Gðu Ã Þ ¼ 0. Next we will prove that GðuÞ P Gðu Ã Þ for any u 2 U ad . Suppose that w 2 ðuÞ > 0, then GðuÞ > 0 in view of the definition of GðuÞ. Suppose that w 2 ðuÞ 6 0, it is easy to conclude that GðuÞ P 0 holds. That is to say, GðuÞ P 0 ¼ Gðu Ã Þ holds for any u 2 U ad . Hence u Ã is the local minimum of G. h
Conclusion
In this paper, the optimal control and properties of NMDS for planning horizontal well paths is investigated. Firstly, some properties of the NMDS are studied.Then, in order to obtain the optimality condition, we transform the optimal control problem into an equivalent one with control constraints and inequality-constrained trajectory by defining some functions. We also discuss some properties of the defined functions. Subsequently, existence of the optimal control is proved and the optimality condition is given. Finally, an improved simplex method is developed and applied to the optimal design for well Ci-16-Cp146 in Oil Field of Liaohe, and the numerical results illustrate the validity and efficiency of the algorithm. In addition, the conclusions and algorithm can be popularized in the generalized multistage optimal control problem. 
